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Challenges

• In practice, after account of energy-momentum conservation , this 
increase is in conflict with probability conservation when few gluons 
are radiated.  The nonlinear condition accounting for the probability 
conservation follows from the relationship between Green functions.

•  

pQCD calculations produce amplitudes for the scattering of 
colorless dipole off a hadron target rapidly increasing with 
collision energy approximately as power of energy.  This 
property follows from gluon spin 1 , multiparticle production 
and slow convergency of integrals over momenta of exchanged 
gluons.

• The conflict with probability conservation arises within both LO
+NLO DGLAP or BFKL approximations in the domain where analytic 
calculations are feasible. 



Approximations used to restore probability conservation in pQCD 
at large energies like eikonal approximation even with account of 
inelastic diffraction  are  unstable. To visualize this point we present 
example illustrating  that it is possible to obtain any answer from pQCD 
series at sufficiently large energies:

In ref. [? ] the slope α′
P has been put to zero from the beginning. Since the actual

value of α′ is small and unknown, it is interesting to check what will happen if we put it
to zero in the EFT [? ]. This will show quantatively, how the asymptotic behaviour of
cross-section is influenced by diffusion in the transverse plain. As we shall see shortly, the
diffusion in a transverse plane plays a crucial role. For example, Gribov diffusion leads to
Froissart behaviour [? ], while as we shall see below the absence of diffusion leads to grey
disc-asymptotic constant value of cross-sections.

A. Effective Field Theory for small size dipole scattering without diffusion.

The Lagrangian is give by eq. ??, with α′ = 0. Thus the Lagrangian is

L = 1/2(p∂yq − q∂yp)− µpq − κpq(p + q)

− cdipoleδ(y)qf

− cdipolepδ(y − Y ) (1.2)

, (1.3)

Recall that the first term is the kinetic one, the second corresponds to ”Pomeron” intercept
1+µ. The vertex κ is effectively a 3-reggeon vertex. The model ?? is a nonermitean quantum
mechanics analysed in [? ? ? ]. Indeed, as a zero-deimensional system the theory clearly
posseses tachyon with mass µ for µ 0.

One approach to the theory is to solve the classical equations of motion that follow from
the Lagrangian ?? and then consider the quasiclassical fluctuations around this solution. ref.
[? ]. Equivalent approach which is technically possible for 1 dimensional theory only is to
transform the theory ?? to the Hermitian quantum oscillator with the double-well potential
for the µ > 0 case. cf. [? ].

Indeed, the nonhermitian theory for µ ≤ 0 is determined via perturbation theory. One
starts from the pertrubative vacuum state q = p = 0 and then builds a perturbation theory
around it. It is possible to show [? ] that after the transformation q = x2, p = d/d(x2), and
transformation Approximations used to restore probability conservation in pQCD series at
large energies like eikonal approximation etc. lead to instabilities. To visualize this point
we present example illustrating that it is possible to obtain any answer from pQCD series
at sufficiently large energies . Let us consider series over powers of y for y > 1.

f(y) =
∑

cny
n(−1)n = 1/1 + y (1.4)

if cn = 1 But for cn = 1 + (−1)nεn

f(y) = 1/(1 + y) + exp(εy) (1.5)

Thus even for small ε two functions are different at large y. Remember that account of
energy conservation and inelastic

H = exp(−F (x)H0 exp(F (x) (1.6)

where
F (x) = (1/4)(x2 − µ/κ2)2 (1.7)
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Thus even for arbitrary small ε two functions are vastly different.  Remember 
that account of energy-momentum conservation and inelastic diffraction 
introduces significant uncertainties into evaluation of each term in the 
generalized eikonal series.  



This instability  suggests presence of  bifurcation,  and/or 
new (as compared to low energy QCD ) degeneracy 

of vacuum    ➼  zero mode

So our  strategy is to find model independent consequences 
of the regime where the interaction is rapidly increasing 
with energy and separately to consider QCD inspired 
model for oversimplified phenomena to investigate origin of 
instability of pQCD series .

 



Fast increase of interaction with energy leads to complete 
absorption at fixed impact parameter.  Thus partial wave 
at given impact parameter becomes universal-equal one.   
Observed  

✦ in the elastic pp collisions at FNAL -soft QCD,  

✦✦ indirectly in the colorless gluon (but not quark) 
dipole scattering off a proton target in DIS at HERA-hard 
QCD .

✦✦✦  in  the correlation measurements in dA collisions 
at RHIC-hard QCD .  

M.Strikman talk, this  conference ,F.S.(06).

Model independent predictions.

 

F.S.Z 04



Complete violation of conformal symmetry in DIS at small x.  

The ratio of structure functions of hadrons, nuclei tend to 
one  i.e. coefficient “c” should be the same for hadrons 
and nuclei at extremely small x.  Universality follows  from 
the universality of partial waves due to complete 
absorption of colorless dipole, of increase with energy of 
impact parameters and dominance of universal pion tail in 
the structure functions at large impact parameters.

F2(x, Q2) = cQ2 ln3(x0/x)



Froissart formulae should be valid for the total cross sections of 
hadron-hadron, hadron-nucleus collisions 

 
Coefficient  “c”  should become universal i.e. the same for
any hadronic projectile and target. 

                    ln2s follows from

(a)  complete absorption resulting from the fast increase of 
amplitudes with energy leading to partial amplitudes at fixed impact 
parameter →1. 
(b) increase with energy of essential impact parameters due to 
Gribov diffusion in ladder and  increase with energy of partial 
amplitude.  

(c) At large impact parameters dominates universal Pomeron 
exchange and at asymptotically large energies possibly pion tail. This 
reasoning explains  observed small coefficient in the Froissart 
formulae for 
total cross section of pp collisions.

σ = c ln2(s/so)



Froissart formulae should be valid for the total cross sections of 
hadron-hadron, hadron-nucleus collisions 

σ = c ln2(s/so)
 “c” is universal =  the same for  any hadronic projectile and 
target. It follow from 

(a)  complete absorption resulting from the fast increase of amplitudes 
with energy leading to partial amplitudes at fixed impact parameter →1.

(b) increase with energy of essential impact parameters due to Gribov 
diffusion in ladder and  increase with energy of partial amplitude. 

(c) dominance of Pomeron exchange at large impact parameters.
 
This reasoning explains  observed small coefficient in the Froissart 
formulae for total cross section of pp collisions.



Universality of cross sections has been suggested by  V. Gribov  within 
the  Pomeron calculus for the case of hadronic cross sections becoming 
constant at high energies. In the case of cross sections increasing with 
energy universality  is almost trivial consequence of QCD.

Disappearance of Landau-Pomeranchuk  coherence in the 
propagation through a medium of a parton produced in a hard 
interaction .  Violation of LP coherence is due to important role in 
small x hard processes of absorptive effects and fractional energy 
losses . (F.S.06)



Account for pQCD ladder as quasiparticle and interactions 
between ladders  as many ladder vertexes  leads to an effective 
field theory:  

         B. Blok & L.Frankfurt 05

To visualize new phenomena we investigate high energy 
scattering of small dipoles of the same transverse size to 
suppress evolution in transverse plane.  pQCD amplitudes 
can be approximated as  calculable power of energy -bare 
“Pomeron”.

that ladders are often overlapped in space and time. This necessitates to go beyound of
initial approximations and to account for the jumping of constituens between overlapping
ladders. Thus variety of new physical phenomena have been found in [13] - color network,
color inflation, importance of nonperturbative contributions ∝ exp(1/αs), new as compared
to that in [14–16].

In the approach developed in [13] important role is played by α′ which has not been
calculated in pQCD so far because of slow convergency of pQCD series at small x cf.[12, 26]
and because its increase near unitarity limit. So to visualize similarity to critical phenomena
and importance of V.Gribov diffusion in small x regime in this paper we consider in this
paper alternative approximation α′ = 0 and compare obtained results with that obtained
in [13]. Evident advantage of approximation α′ = 0 is the possibility of analytical solution
which helps to visualize origin of new QCD phenomena found in [13].

A number of alternative approaches to the ultra small x behaviour of hard processes
has been developed in literature . Color condensate approach [22] and related unitarization
of pQCD contributions within eikonal approximations [6, 10, 21]. One of the principal
differences of our approach from other ones is the account in [13] of many ladder loops, use
of WKB approximation and account for the difference between physical and pQCD vacua.
So existence of variety of new QCD phenomena found in [13] which are absent in the eikonal
approaches such as color network, spontaneous violation of two dimensional translation
symmetry and existence of two dimensional ”phonons”, color inflation. Note that BDL does
not follow from color glass condensate approach if many ladder loops are neglected [6].

Technically the EFT of ref. [13] was obtained for one-scale processes such as the scattering
of two small size dipoles, where the evolution of scale is a correction which we will neglect.

F2(x, Q2) = cQ2 ln2(x0/x) (1.1)

This theory has an effective Hamiltonian [13]

L = 1/2(p∂yq − q∂yp)− α′p#bq − µpq − κpq(p + q)

− cdipole

∫
exp(−bQ/2)q(y, $B −$b)d2bδ(y + Y )

− cdipole

∫
exp(−bQ/2)p(y, $B −$b)d2bδ(y − Y ),

(1.2)

Here p = iψ+(y,$b), q = iψ(y,$b) are operators of production and annihilation of pQCD
ladders , y = log(1/x) is rapidity, $b is the impact parameter, µ is a Pomeron intercept, and
κ is a three-ladder vertex. The value cdipole is determined by the normalisation of the dipole
wave function.

It was demonstrated in ref [13], that even small diffusion in the impact parameter space
plays an important role in the high energy behaviour of hard processes. The latest results of
Ciafaloni et al [12] show that rapid diffusion to large nonperturbative distances characteristic
for LO BFKL approximation is suppressed when NLO approximation is accounrted for . But
randomness of gluon radiation and related V.Gribov diffusion in impact parameter space
should be there. However, there is no actual calculation of α′ in LO +NLO approximations
over αs and especially near unitarity limit.
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In QCD within the  WKB  approximation accounting for causality 
and energy-momentum conservation many ladder self interactions 
are suppressed by  the power of running coupling constant.

This Lagrangian accounts for fast increase with energy of the gluon ladder, the  
Gribov  diffusion within ladder in transverse plane, increase with energy of 
impact parameters due to increase of interaction, triple ladder self interaction  
and source terms.  p,q are the operators of production or annihilation of 
ladder.
This Lagrangian is exact within  WKB approximations because of smallness of 
running coupling constant.

The form of effective quantum field theory of hard processes 
coincides  with  triple Pomeron model  of soft QCD processes considered 
by (D.Amati,....) but evidently it has different meaning and different 
parameters.

ladder and η is a light cone vector.

Jµ(s) =
i=N
∑

i=1

qµ
i /(sqi) (A4)

where the sum is taken over all external lines of a cut ladder. The contributions from
the internal lines cancel at least in the leading order [51] . Consider integral over s, i.e.
∫

ds−ds+d2st. Calculating the integral over the residues , we see that the integral is controlled
by 1/s2 pole in the propagator. Potentially dangerous terms like 1/(qi− s)2 are far from the
mass shell and have no singularity . Thus integral for the vector potential is given by the
pole s2 = 0. The emitted gluon is always on the mass shell and transverse. In other words
no long range forces exist within the DGLAP approximation.

The same arguments can be applied to BFKL ladder. The integral over s is also deter-
mined by 1/s2 pole, and leads to transverse gluons (ref. [52]).

We conclude that the leading order ladders do not create perturbatively long-range fields
in the leading twist approximation. Generalization of this statement to the next-to-leading
order should be straightforward.

APPENDIX B: MANY ”POMERON” COUPLINGS IN PQCD.

The conventional strategy can be used to evaluate parameters of effective Hamiltonian
of EFT: substitution of variables in the path integral from quarks and gluons to ladders.
However such calculation is too cumbersome at present. So we restrict ourselves by the
qualitative evaluation of multi-ladder vertices near the unitarity limit in the lowest order
of pQCD. The most difficult point is to take into account for causality, i.e. location of
singularities in the complex plane of energies in respect to the contour integration. It has
been shown by S.Mandelstam [42] and in the more straightforward way by V.Gribov [38] that
the diagrams having no third spectral function ρ(s, u) in Mandelstam representation for the
scattering amplitude give no contribution into the leading power of energy. The transparent
interpretation of this result is that bare particle may experience only one inelastic collision
within the semiclassical approximation.

Thus lowest diagram for triple reggeon vertex is given by the triangle gluon loop with 6
gluon lines attached. So

κ = G3P ∝
α2

sNc

λ
, (B1)

cf. recent discussion in ref. [41]. To evaluate dependence on Nc it is useful to represent
vectors in the color space in terms of color spinors and then to find the disentaglment of
color contours.

The account of causality (i.e. of the fact that the bare particle may have only one inelastic
collision and any number of elastic ones) shows that the lowest order diagram for the four
ladder vertex corresponds to the attachments of 4 ladders to the 2 gluon loops.

G4P ∝
α4

sN
2
c

λ3
. (B2)

Similarly as the consequence of the causality the n ladder vertex is given in the lowest
order over αs by the attachment of n ladders to the n − 2 gluon loops. Then
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GnP ∝
α2n−4

s Nn−2
c

λn−2
. (B3)

The presence of the multi-ladder couplings does not change the behavior of the system
near the extremum. This is because their relative contribution is characterized by the
parameters:

G4P φ4/G3P φ3 ≈ αsNc

Here φ is the field of the quasiparticle estimated in the WKB approximation as ≈ µ/κ.
Similarly one may estimate the contribution of the n ≥ 3 ladder vertices:

GnPφn/G3Pφ3 ≈ αn−3
s Nn−3

c

Thus relative contribution of higher vertexes is suppressed by the powers of αs.
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and Sudakov form factors suppresses the contribution of almost on shell effects . Our
estimate gives

κ ∝
α2

sNc

λ
. (2.8)

Here λ ∝ Q and it is somewhat increasing with the energy increase. This estimate of λ differs
from the one obtained within the leading order BFKL approximation far from the black disk
limit. The singularity in the dependence of the triple-”Pomeron” vertex on the momentum
transfer found in ref. [41] reveals an important role of the soft QCD, the appearance of
the effects encoded into aligned jet model and represents another challenging problem for
the BFKL approximation at moderately small x. We follow the method of calculations of
ref. [12] where the BFKL approximation arises as the small x limit of pQCD series where
separation of scales is made before summing them. In this case for single scale hard processes
κ is dominated by hard pQCD effects. Besides the nonperturbative contribution into the
three– ”Pomeron” vertex is suppressed by Sudakov form factors, and by the dominance of
the hard regime near the black disk limit, cf. the above discussion. The existence (but not
the properties) of the new QCD phenomena is not sensitive to the actual value of λ which is
effectively the characteristic transverse momentum of the constituents of the pQCD ladder
where it splits into the two new ones.

A tricky point in the evaluation of the ”multi-Pomeron” vertices within the pQCD is
the necessity to account for causality and energy-momentum conservation. Diagrams where
singularities are located on the same side of the contour of integration in the energy plane
(in particular eikonal diagrams) are suppressed by the powers of energy [38, 42]). So we
neglect the eikonal-type inelastic rescatterings since a bare particle may have one inelastic
collision and any number of elastic collisions . For the interactions that rapidly increase
with the energy, the requirements of the causality, the positivity of the probability for the
physical processes, and the energy-momentum conservation can be hardly satisfied within
such a set of diagrams [31]. In contrast, the contribution of rescatterings due to an inelastic
diffraction into the final state with the invariant mass M2, where β = Q2/(Q2 + M2), is not
too small. This contribution dominates in the two-scale hard small-x phenomena at x ≈ xcr.
We include this contribution in the scale factor of the source. (This contribution can be
interpreted as the coupling of the “Pomeron” to secondary reggeon trajectories.)

Within the approximations made in this paper the coupling of the pQCD ladder to a
hadron can be treated as the interaction with a source . The actual form of the L4 ≡ Lγ

term is unimportant for the most of the results obtained in this paper.
Nonetheless, let us discuss the interaction of the ladders with a virtual photon as an

external source in the center-of-mass frame of the reaction. There is the coupling with the
projectile and target virtual photons:

Lγ =
∫ 1

0

dz

z
d2b Φ2(z,%b, Q2)q(z, %B −%b)cdipoleδ(Y + y). (2.9)

Here Y is the total rapidity, and %B is the total impact parameter. In this formula we
neglect the Q2 dependence of the interaction in the vicinity of the black disk limit because,
near the black disk limit, the color transparency phenomena and the related decomposition
over twists disappear. In the above equation Φ2(z,%b, Q2) is the square of the dipole wave
function of the virtual photon in the transverse parameter space, z is the fraction of the
photon momentum carried by the constituent, and dz/z = dy, where y is the rapidity. The
variable %b is the transverse distance between the constituents in the photon wave function.

8

, ,



Analysis of the model within WKB approximation found that in the 
approximation when  triple ladder vertex is neglected pQCD produces 
tachyon. Account of triple ladder vertex  leads to the existence of  
several degenerate extrema -”vacuums”:

This bifurcation is relevant for the discussed above instability of series 
over rescattering effects. Thus small x QCD is the field of kinks,of 
two dimensional massless “phonons”:    

                   
of critical phenomena -Bose-Einstein condensation of ladders. 
Account of degeneracy between 3 extrema leads to Goldstone boson 
relevant for Froissart limit,  color inflation and related kinks. cf.-talk of 
B.Blok at this conference. 

(a) p = 0, q = 0; (b) p = µ/κ, q = 0; (c) p = 0, q = µ/κ.

E = 2i
√

α′µκ.



If we neglect by dependence of  impact parameter distribution on 
energy, the considered model is exactly solvable within WKB 
approximation. This is because in this case field theory is reduced to 
a one dimensional quantum mechanical problem - Blok & LF 05

This approximation rapidly gained in popularity. It appears to be  a subject 
of several talks at this meeting. 

Distinctive features of the model is the presence of kinks which 
lead to nonperturbative effects.

✪    step function in rapidity space of the width:

A kink produces:
✪  action proportional to (μ/κ) ~(1/αs)

δY ≈ log(δE/Q) = 1/µ



Calculations show that density of produced ladders is large:

In other words, for sufficiently low x we have TI ! Tc, where Tc is coherence length Tc ∼
1/(Qx1−µ). This rapid transition to the black disk regime can be called the ”color inflation”:
one ladder due to the tunneling transition blows up during time TI and creates an entire
region of space filled with the gluon ladders. During time TI approximately (µ2/κ2)R(Y )2

ladders are created , where R(Y ) is a black disk radius for a given rapidity Y .
It is easy to evaluate the density of ladders in the coordinate space by solving discussed

above diffusion equations (cf. similar analysis in ref. [47]):

|Ψ(y) >= exp(−(µ/κ)
∫ R(Y )

0
d2bq(b, Y )). (4.2)

The conjugate state is

< Ψ(y)| = exp(+(µ/κ)
∫ R(Y )

0
d2bp(b, Y )). (4.3)

Expanding these states into series of powers over q we obtain the multiladder wave functions
Ψ(b1, ....bN ) ,

Ψ =
N=∞
∑

N=0

∫

Πi=N
i=0

∫

d2b1..d
2bi..d

2bNΨ(b1, ....bN)q(b1)......q(bN )/(N !), (4.4)

where Ψ(b1, ...bN ) are products of theta functions, limiting all the integration in eq. (4.4)
inside the black disk. We neglect the correlations (see section 3).

The average distance between the ladders lt can be estimated from the wave function of
the condensate . Indeed,

l2t =

∫ R(Y )
0 ("b1 −"b2)2Ψ(b1, b2, ...)Ψ∗(b1, b2, ....)d2b1...d2bN ..

(
∫ R(Y )
0 Ψ∗Ψd2b1...)

(4.5)

The integration is over the impact parameters of the ladders. The condensate wave function
is homogeneous inside the black disk . Therefore

< p(b1)....p(bN )q(b1)....q(bN ) >= 1 (4.6)

Consequently, the transverse distance between the ladders is

lt ∼ κ/µ ∼ αs/λ (4.7)

On the other hand, the characteristic scale dt of a ladder in the transverse parameter space
is determined by the coefficient in the effective Lagrangian in front of the kinetic term, that
is equal to ∼ Ncαs/λ2, hence

d2
t ∼ Ncαs/λ

2 (4.8)

Consequently,
l2t /d

2
t ≈ αs/Nc ! 1. (4.9)

It follows from the above estimate that the pQCD ladders overlap significantly . But over-
lapping ladders can exchange the quarks and the gluons because in the perturbative QCD
there are no barriers between the ladders. The resulting color network, as we shall call this
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Thus pQCD ladders overlap significantly. Overlapping ladders may 
exchange quarks and gluons because there are no barriers between 
ladders. Result is formation of color network- melting of ladders.
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Conclusions
Popular pQCD approximations produce tachyon in  
partial amplitudes of colorless dipole-dipole 
scattering in the crossed channel.  

Self interactions between ladders lead to several 
degenerate “vacuums” and to the critical  
phenomena related to choice of “right” vacuum,
to the condensation of ladders with strong overlap 
in impact parameter space between ladders. 

Accounting gluon exchanges between ladders 
transforms system of overlapping ladders into color 
network which is probably actual solution  of QCD 
equations at extremely large energies.  


